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These notes describe how to construct a log-linear approximation of an RBC model around a
non-stochastic steady state and how to solve the linearized model algebraically using the method of
undetermined coefficients. The procedure described below is used to produce the simulations on this
webpage: https://www.briancjenkins.com/simulations/centralized-rbe.html. The exercise is tedious
and demonstrates the great value provided by the many computational tools and methods available
for approximating and solving DSGE models.

The Model The equilibrium conditions of the model are given by:

(1= L) " =C W, (1)
Cy 7 = BE; [CrRia +1-9)] (2)

Wi =(1-a)AK7L " (3)

Ri = AKX L (4)

Kipr =1+ (1-0)K, (5)
Yi=C+1; (6)

Y, = A KL (7)

log A¢y1 = palog Ay + €141 (8)

Equation (1) is the representative household’s first-order condition for the optional choice of labor.
Equation (2) is the household’s Euler equation reflecting an optimal choice of capital for period ¢ + 1.
Equations (3) and (4) are the firm sector’s first-order conditions for optimal choices of labor and
capital. Equations (5), (6), and (7) describe the evolution of the aggregate capital stock, the goods
market clearing condition, and the production function. Finally, equation (8) indicates that log TFP
follows an AR(1) process where ;11 ~ N (0,02) is an exogenous shock process.

Steady State Let capital letters without time subscripts denote non-stochastic steady state values
of the model variables. The steady state is given by the following system:

p(1-L)"=C""W (9)
C7=BE[C7(R+1-)] (10)
W=(1-a)AK“L™® (11)
R=aAK* L7 (12)
K=I+(1-0)K (13)

Y =C+1 (14)

Y = AK“LY (15)

log A = pglog A (16)

In general, the nonlinear terms in equation (9) prevent this system from being solved algebraically.
However, most of the work can be done with algebra. First, note that steady state TFP is trivial:

A=1 (17)
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Next, use the Euler and capital demand equations to solve for the steady state capital-to-labor ratio:

K aA Ta
L:<61+5—1> (18)

Next, use equations (9), (11), (13), (14), (15), and (18) to obtain an equation that characterizes steady
state labor:

p(1 = L)""L7 = (1 — o) [A(K/L)" — 6(K/L)]"" A(K/L)" (19)

Note that the right side of equation (19) is a constant. Solve (19) numerically.
The remaining steady state values are readily obtained:

K= (K/L)L (20)
Y = AK°L' (21)
W=(1-a)Y/L (22)
R=aY/K (23)

I=0K (24)
C=Y -1 (25)

Log-linear Approximation Let lowercase letters represent the log deviations of variables from
their steady states, e.g.: y; = log(Y;) — log(Y"). The log-linearized equilibrium conditions are:

0= —0oc; +w — 171Lth (26)

—0FEiciy1 + BREr 41 = —o¢y (27)
0=1y; —l; —wy (28)

0=y — ki — 1y (29)

kiy1 = 05 + (1 — 6k (30)

0= %Ct + éit — Yt (31)
0=a;+aki+ (1 —a)l; —y (32)

Qty1 = Par + €441 (33)

Note that all forward-looking variables have been moved to the left sides of the equations and contem-
poraneous variables to the left.

Solution The goal is to use algebra to eliminate all endogenous variables from the system except
for k; and to solve the resulting second-order difference equation using the method of undetermined
coefficients. To begin, take (26) and use equations (28), (31), and (32) to express labor as a function
of only a¢, k¢, and ¢;:

ly = ¢ray + Pk + P3cy (34)
where:
1-L
2 = agy (36)
¢$3=—0¢1 (37)

Then, use the capital evolution equation (30) and the market clearing condition (31) to express con-
sumption as a function of a¢, k¢, and kyq1:

ct = ¢aay + Psky + Pk (38)



where:
1 + (1 — a)qSl

= 39
o1 ClY —(1—a)¢s (39)
a+(1—a)pa+6" Y1 -8)I/Y
¢5 _ ( )¢2 ( ) / (40)
ClY = (1—a)¢s
SUI)Y
_ _ 41
%Y — (1 - )
Next, use the previous two results to write the real rental rate as a function of only a¢, k¢, and ky41:
re = ¢rar + Pski + ki1 (42)
where:
pr=1+(1—-a)p1+ (1 —a)psgs (43)
ps=a—14+(1—a)p2+ (1 — a)ds¢s (44)
P9 = (1 — a)pzde (45)
Now, note that Eia;1 = pa; and express the Euler equation in terms of only ay, k¢, ksy1, and Eikg ot
0 = ¢r0as + ¢11kt + P12kt 1 + P13 Fiki o (46)
where:
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$10 = 0¢a(1 — p) + BRe7p (
11 = 05 (48
p12 = (g6 — ¢5) + BRYs (
$13 = BRog — 0ops (

Equation (46) is a second-order difference equation in k.
I solve the difference equation in (46) using the method of undetermined coefficients. Guess that
the solution takes the following form:

kir1 = mag + moky (51)
where the coefficients m; and 7y are to be found. The guess implies that the expectation kyyo is:
Eikyyo = mipay + mokiiq (52)
Plug (51) and (52) into (46). m; and mo are determined by the following system:

Pr1375 + P12y + 11 = 0 (53)
$10 + ¢12m1 + P1ami(p +m2) =0 (54)

Find 75 by taking the smallest root of the following quadratic equation:

¢10+¢127T1+¢137T1(P+7T2):0‘ (55)
Find 7 to be:
L P10
T ¢13(p + m2) (56)

Solutions for ¢;, r;, and I;:

¢t = (¢4 + d6m1) ar + (¢5 + Pe72) Ky (57)
re = (o7 + pom1) ar + (P8 + Ppoma) ky (58)
li = [¢1 + ¢3(ma + gem1)] ar + [P2 + d3(T5 + Pem2)] ke (59)

INote that at+1 is determined outside of this equation.



Finally, the solutions for the variables i, y;, and w; are found to be:

Yy = [1+ ¢1 + ¢3(ma + dem1)] a + [ + P2 + d3(m5 + dema)] ke
7:,5 = 5717('104, -+ 571(71'2 + o — l)kt
wy = [1 — a1 + p3ms + ¢p3dem)] ar + a [1 — (P2 + 375 + P3dema)] ki
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